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Abstract—This paper presents a method for protecting wireless
signals through the creation and exploitation of time-varying
spectral redundancy. Redundant symbols are multiplexed in both
time and frequency in dynamic patterns within multicarrier
symbols which creates the spectral redundancy. A novel Fre-
quency Shift (FRESH) filter is developed to exploit this time-
varying spectral redundancy. This filter structure allows the
creation of multicarrier waveforms that are robust, reliable and
resistant to frequency selective fading. The applications range
from next generation commercial broadband to mission-critical
communications. Use of the proposed method improves the bit
error rate by an order of magnitude when compared to tra-
ditional Generalized Frequency Division Multiplexing (GFDM)
transceivers under the simulated channels.

I. Introduction

Channel equalization is a fundamental problem in wireless
communications. Multicarrier modulation converts a wideband
signal into multiple narrowband signals of the same total
bandwidth to avoid exceeding the coherence bandwidth of a
frequency selective fading channel. The frequency selective
fading channel is converted to a series of flat fading channels,
allowing single tap equalization to be applied. However, the
Wiener filter and other time-invariant equalization methods
have problems with noise enhancement as they can only shape
the spectrum of the received signal.

This paper presents a novel method for protecting mul-
ticarrier waveforms through designing time-varying spectral
redundancy into a multicarrier waveform and using a novel
Frequency Shift (FRESH) filter to perform the optimal soft
combining at the receiver. Time-varying spectral redundancy
is created by repeating symbols in both time and fre-
quency within a Generalized Frequency Division Multiplexing
(GFDM) waveform. The proposed filter structure acts as an
improved fractionally spaced equalizer [1] and can coherently
combine the redundant spectrum to form a signal processing
gain and equalize extract the received signal even in the
presence of frequency selective fading with multiple spectral
nulls. The method can also be easily integrated into existing
waveforms and used in conjunction with other signaling tech-
niques, such as using error correcting codes and Multiple Input
Multiple Output (MIMO) systems.

A waveform which contains time-varying spectral redun-
dancy will be referred to as a Paramorphic Multicarrier
Waveform, and the filter which exploits the spectral redun-
dancy the Paramorphic FRESH Demodulator (PFD). The

method is demonstrated for a Generalized Frequency Division
Multiplexing (GFDM) signal, although it is also applicable to
any multicarrier waveform including Orthogonal Frequency
Division Multiplexing (OFDM) and other waveforms being
proposed for 5G cellular.

The term paramorphic1 refers to chemical compositions
whose physical structure can be modified without a chemical
change, an example being the crystalline structure being re-
organized This term is adopted and used within Paramorphic
Multicarrier Waveform to refer to multicarrier waveforms
whose waveform structure will stay the same, but whose cyclo-
stationary properties are modified through symbol repetition in
time and frequency.

The remainder of the paper is organized as follows. Section
II provides background information with regards to cyclosta-
tionary signals, FRESH filtering and related work. Section
III introduces the Paramorphic Multicarrier Waveform and
its demodulator. Section IV presents simulation results and
Section V concludes the paper.

II. Background and RelatedWork

A. Cyclostationary Signals

Cyclostationary signals by definition are those which con-
tain second order periodicity in the time domain and spectral
redundancy in the frequency domain. The spectral correlation
density function S α

x ( f ), given in (1), is a measure of spectral
redundancy at cycle frequency α [1] and XT (t, f ) is the Fourier
transform of the signal x(t) given by (2). A cycle frequency is
a relative difference in frequency upon which the signal x(t)
spectrally correlates with itself, S α

x ( f ) , 0, and there may be
multiple cycle frequencies present in one signal.

S α
x ( f ) = lim

T→∞
T

∫ T
2

− T
2

XT

(
t, f +

α

2

)
X∗T

(
t, f −

α

2

)
dt (1)

XT (t, f ) =
1
T

∫ t+ T
2

t− T
2

x(τ)e− j2π f τdτ (2)

1The property of changing from one mineral species to another (as from
aragonite to calcite) by a change in internal structure and physical characters
but not in chemical composition. “Paramorphism”, Def., Merriam-Webster,
http://www.merriam-webster.com/dictionary/paramorphism
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Cyclostationary signals may also have conjugate spectral
correlation, S β

xx∗ ( f ) , 0. The cycle frequencies of the conju-
gate spectral correlation in (3) are denoted by β to distinguish
them from the α cycle frequencies of the spectral correlation in
(1). Therefore a signal is cyclostationary for any combination
of S α

x ( f ) , 0 for α , 0 and S β
xx∗ ( f ) , 0.

S β
xx∗ ( f ) = lim

T→∞
T

∫ T
2

− T
2

XT

(
t, f +

β

2

)
XT

(
t,− f +

β

2

)
dt (3)

Applying a channel to a cyclostationary signal with chan-
nel weights will have an impact on the amount of spectral
correlation, but it will not change the cycle frequencies of the
desired signal. The output of the channel, y(t) is given by y(t) =

x(t) ∗ h(t), where Y( f ) = F {y(t)} and Y( f ) = X( f )H( f ) + N( f )
and h(t) is the impulse response of the channel. The channel
modifies the amount of spectral correlation according to (4)
[2] and (5).

S α
y ( f ) = H

(
f +

α

2

)
H∗

(
f −

α

2

)
S α

x ( f ) (4)

S β
yy∗ ( f ) = H

(
f +

β

2

)
H

(
− f −

β

2

)
S β

xx∗ ( f ) (5)

The spectral correlation S α
x ( f ) and conjugate spectral corre-

lation S α
xx∗ ( f ) are modified according to the frequency domain

response of the channel. For a flat fading channel H( f ) will
be a constant gain value and will not modify the amount of
spectral correlation within the received signal. For a frequency
selective fading channel both S α

x ( f ) and S α
xx∗ will be modified

as a function of f , α and β.

B. FRESH Filtering

A FRESH filter is the optimal filter for cyclostationary
signals [1]. It exploits spectrally redundant information in
cyclostationary signals to improve the estimates of the desired
signal. The process filters the received signal through a parallel
set of frequency shifts followed by linear time-invariant filters
and sums the result. The FRESH filter is defined in (6) where
⊗ is the convolution operator [1].

d̆(t) =
∑

k

ak(t) ⊗ x(t)e j2παk t +
∑

n

bn(t) ⊗ x∗(t)e j2πβnt (6)

The Minimum Mean Squared Error (MMSE) filter weights
can be found by solving the design equations in (7) and
(8) where x(t) is the received signal and d(t) is the desired
signal. The design equations (7) and (8) are solved for
k = 0, 1, . . . ,M − 1 and l = 0, 1, . . . ,N − 1 respectively.

S αk
dx

(
f −

αk

2

)
=

M−1∑
m=0

S αk−αm
x

(
f −

αm + αk

2

)
Am( f )

+

N−1∑
n=0

S βn−αk
xx∗

(
f −

βn + αk

2

)∗
Bn( f )

(7)

S βl
dx∗

(
f −

βl

2

)
=

M−1∑
m=0

S βl−αm
xx∗

(
f −

αm + βl

2

)
Am( f )

+

N−1∑
n=0

S βl−βn
x

(
− f +

βn + βl

2

)
Bn( f )

(8)

Obtaining the FRESH filter weights requires solving the
system of linear equations in (7) and (8) which can be
represented by the form y = Ab. The solution vector y contains
S αk

dx

(
f − αk

2

)
and S βl

dx∗

(
f − βl

2

)
as the entries. The correla-

tion matrix A contains S αk−αm
x

(
f − αm+αk

2

)
, S βn−αk

xx∗
(

f − βn+αk
2

)∗
,

S βl−αm
xx∗

(
f − αm+βl

2

)
, and S βl−βn

x

(
− f +

βn+βl
2

)
, the spectral corre-

lation of the received signal x(t) at all combinations of the
cycle frequencies α and β. The vector of filter coefficients b
is obtained by solving for b = A−1y. Considering the FRESH
filter in this domain allows more intuition into its operation
and its ability to correct for channel impairments.

The Wiener filter is a degenerate case of the FRESH filter
where α = 0, as it is the MMSE time-invariant filter. When
α = 0 no spectral redundancy is exploited by the Wiener filter
leading to the decrease in performance relative to the FRESH
filter.

C. Related Work

The creation of cyclostationary features within multicarrier
signals was proposed by [3], [4] within OFDM signals for
network identification and cognitive radio applications. In [4],
[5] the cyclostationarity of an OFDM signal is incorporated
by repeating symbols in frequency and time, respectively.

The creation and development of the FRESH filter is given
in [1] with frequency domain and adaptive implementations
being developed later [6], [7]. The use of FRESH filtering to
exploit the spectral redundancy in OFDM signals induced by
the cyclic prefix is proposed in [8], [9]. In [8] FRESH filtering
was applied to better estimate the desired signal after having
traversed a Rayleigh fading channel.

Generalized Frequency Division Multiplexing was first pro-
posed by [10] which described the modulation and demodula-
tion of the waveform as well as a zero-forcing equalizer. An
improved equalization method was proposed by [11] which
utilizes a widely linear equalizer.

III. ParamorphicMulticarrierWaveform and Demodulator

A. Signal Model

In this section the standard GFDM signal model [12] is
provided and then adapted to include symbol repetition which
creating time-varying spectral redundancy whereby forming a
paramorphic multicarrier waveform. A single GFDM symbol
with N subcarriers and P sub-symbols is represented by dl(t)
in (9), where the GFDM signal over L GFDM symbols is
given by d̃(t) =

∑L−1
l=0 d̃l (t − lT ). The pulse shaping filter g(t) is

transformed by circular shifting in time and frequency shifting
corresponding to the nth subcarrier and pth sub-symbol, where
gn,p(t) = g

(
t − pn mod N

T

)
e j2π n

N t. The pulse shape g(t) that is
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(a) An example of the stripe repetition pattern.
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(b) An example of the irregular repetition pattern.

Fig. 1: Examples for both the stripe and irregular patterns for
B = 4 GFDM symbols, N = 16 subcarriers and M = 8 sym-
bols. Two example cycle frequencies are also demonstrated.

used in this document is a raised cosine filter [12] with roll
off factor of 0.4.

d̃l(t) =

P−1∑
p=0

N−1∑
n=0

al,p,ngn,p(t) (9)

Where T is the time duration of a GFDM symbol. The
baseband modulation al,p,n is applied to the pth sub-symbol
of the lth GFDM symbol transmitted on subcarrier n.

This standard GFDM model is modified by incorporating
symbol repetition across both time and frequency leading
to block-based transmissions, where the number of sequen-
tial GFDM symbols that contain spectral redundancy in
time is B. Consider the lth block of GFDM symbols for
which there are M symbols to be transmitted, represented
by al,0, al,1, . . . , al,M−1. The mth symbol al,m is mapped onto
subcarriers in both time and frequency according to θ(c,m, p).
The time domain representation of the signal model of the cth

GFDM symbol within the lth block is given by (10), where
d(t) =

∑
l
∑B−1

c=0 dl,c(t) is the GFDM signal for all time. The
subcarrier frequency fm,n for each symbol is given by the
mapping function where fm,nεθ(c,m).

dl,c(t) =

M−1∑
m=0

P−1∑
p=0

∑
nεθ(c,m)

al,mgn,p(t) (10)

The transmitted signal d(t) will be corrupted by a multipath
channel c(t) and stationary white noise n(t), where x(t) = d(t)∗
c(t) + n(t) and ∗ is the convolution operator. The frequency
domain representation is given by X( f ) = D( f )C( f ) where
X( f ) = F {x(t)}.

B. Repetition Patterns

The arrangement of the repeated symbols in time and fre-
quency into patterns is a design parameter for the paramorphic
waveform. The pattern which maximizes the SNR at the
receiver is subject to analysis outside the scope of this paper,

however two simple patterns are proposed which accomplish
different goals with different constraints.

The first pattern is the stripe pattern, which maximizes the
diversity of repeated symbols in time and frequency while also
minimizing the FRESH filtering complexity. An example of
the pattern in given in Figure 1a. When the symbol repetition is
spread over multiple GFDM symbols a circular shift is added
to maximize the frequency diversity. The circular shift is bM/B
frequency bins for the bth GFDM symbol when M unique
symbols are transmitted in a block of B GFDM symbols. The
frequency separation for each symbol is constant, leading to
a smaller number of cycle frequencies. The fewer the cycle
frequencies, the less branches that are used in the FRESH
filter and the reduced complexity of the filtering. The downside
is that the periodic nature of the repetition pattern makes it
difficult to excise channel impairments which have a similar
periodic nature.

The second pattern is the irregular pattern which uses many
different cycle frequencies for the symbol repetition and an
example is given in Figure 1b. The large number of cycle
frequencies requires more branches with the FRESH filter
increasing the filtering complexity but since the repetition for
each symbol corresponds to a unique cycle frequency it is able
to counteract channel impairments which have periodic nulls
in the frequency domain.

C. Cycle Frequencies of Signal

The relationship between the repeated symbols in time and
frequency forms the cycle frequencies. The spectral correlation
forming the α and β cycle frequencies must be considered
separately and is dependent on the modulation being used.
For spectral correlation to exist E {υυ∗} , 0 where υ is the set
of all constellation points within the modulation [13], and this
is true for Pulse Amplitude Modulation (PAM), Quadrature
Amplitude Modulation (QAM) and Phase Shift Keying (PSK).
For conjugate spectral correlation to exist E {υυ} , 0 which is
true for BPSK and PAM modulations.

The cycle frequencies corresponding to the repetitions of
symbol al,m must be known to the receiver so the spectral
redundancy can be exploited. The cycle frequencies are de-
rived from the symbol repetition mapping function θ(c,m) by
determining the differences in frequency between the repeated
symbols. The notation αc,b,u is used for the uth cycle frequency
for which there is spectral correlation of the bth GFDM symbol
with respect to the cth GFDM symbol. Uc,b represents the
number of such cycle frequencies between the two GFDM
symbols. Similarly βc,b,v is the vth cycle frequency of the
conjugate spectral correlation of the bth GFDM symbol with
respect to the cth GFDM symbol. Vc,b is the number of
conjugate cycle frequencies between the two GFDM symbols.

D. Paramorphic FRESH Demodulator

To exploit the time-varying spectral redundancy that is
designed into the paramorphic waveform a novel FRESH filter
is proposed. While the FRESH filter can be implemented
in the time domain [1], applying the filter in the frequency
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(a) An overview of the Paramorphic FRESH Demodulator.
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(b) A detail view of a subfilter.

Fig. 2: The filtering structure which implements the Paramorphic FRESH Demodulator.

S αc,p,k

dc,xp

(
f −

αc,p,k

2

)
=

B−1∑
b=0

Uc,b−1∑
u=0

Gc,b,u( f )S αc,p,k−αc,b,u
xc,xb

(
f −

αc,p,k + αc,b,u

2

)
+

Vc,b−1∑
v=0

Hc,b,v( f )S βc,b,v−αc,p,k

xc,x∗b

(
f −

βc,b,v + αc,p,k

2

)∗ (11)

S βc,m,n

dc,x∗m

(
f −

βc,m,n

2

)
=

B−1∑
b=0

Uc,b−1∑
u=0

Gc,b,u( f )S βc,m,n−αc,b,u

xc,x∗b

(
f −

βc,m,n + αc,b,u

2

)
+

Vc,b−1∑
v=0

Hc,b,v( f )S βc,m,n−βc,b,v
xc,xb

(
− f +

βc,m,n + βc,b,v

2

) (12)

domain is much less complex [6]. The GFDM demodulator
maps the time domain received signal into the frequency
domain. Combining the GFDM demodulator and frequency
domain FRESH filter forms the PFD structure which jointly
filters each block of B symbols. The symbols are buffered in
memory using a series of delay lines and this memory allows
the spectral redundancy across multiple GFDM symbols to be
exploited. The estimate of the cth symbol Dl,c is D̂l,c given in
(13) and the filtering structure is illustrated in Figures 2a and
2b.

D̂l,c( f ) =

B−1∑
b=0

Uc,b−1∑
u=0

Gc,b,u( f )Xl,b( f − αc,b,u)

+

Vc,b−1∑
v=0

Hc,b,v( f )X∗l,b(− f − βc,b,v)


(13)

The filter output D̂l,c( f ) is the estimate of the cth GFDM
symbol Dl,c( f ). By setting B = 1, (13) collapses to a frequency
domain implementation of the FRESH filter described in [1].
The estimate D̂l,c( f ) must be computed for c = 0, 1, . . . , B− 1
to filter the entire block of GFDM symbols, however as in (10)
only M unique symbols are transmitted per block. Therefore
for practicality the PFD only needs to estimate a total of M
symbols which reduces the complexity.

The complexity of single tap GFDM equalization is well
known with N complex multiplies needed to filter N subcar-
riers. GFDM is traditionally equalized with a single tap per
frequency domain symbol, which is very efficient [10]. For N

subcarriers N complex multiplies are needed for equalization.
Consider the case when a paramorphic waveform has N
subcarriers and where each symbol is repeated R times within
a block of GFDM symbols. When exploiting only the spectral
redundancy of the desired signal to estimate one of the re-
peated symbols, R symbols will be weighted and then summed.
However, only N/R unique symbols need to be estimated,
thus R ∗ N/R = N complex weights are needed to exploit the
spectral redundancy of the GFDM signal, equal to that single
tap equalization method. An additional weight is needed for
each subcarrier to exploit the conjugate spectral redundancy
if BPSK or PAM symbols are transmitted, requiring a total of
2N complex weights.

E. MMSE Filter Coefficients

The optimal filter weights are those which produce the
MMSE estimate of the desired signal at the output of the
PFD. The MMSE estimate assumes perfect knowledge of the
transmitted signal which is not possible in practice but allows
a limit to be achieved upon which other implementations can
be compared against. An adaptive approach to setting the
filter weights where the transmitted signal is unknown can
be implemented as in [7].

To derive MMSE filter weights the derivative of the mean
squared error, EMS E = E

{
El,c( f )E∗l,c( f )

}
, is taken with respect

to conjugate of the filters G and H separately, as in ∂EMS E
∂G∗c,p,k( f ) =

0 and ∂EMS E
∂H∗c,m,n( f ) = 0, where El,c( f ) = Dl,c( f ) − D̂l,c( f ). The

frequency domain error El,c is then substituted into the MSE
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derivatives to produce the the optimal filter design equations
(11) and (12).

Similarities to the original FRESH filter design equations
(7) and (8) can be seen, the most notable difference being
the introduction of the time domain summation

∑B−1
b=0 needed

to exploit the time-varying spectral redundancy. The first
design equation (11) is solved for p = 0, 1, . . . , B − 1 and
k = 0, 1, . . . ,Uc,p − 1 while the second design equation (12) is
solved for m = 0, 1, . . . , B − 1 and n = 0, 1, . . . ,Vc,m − 1.

S α
dc,xb

( f ), given by (14), is the spectral correlation density
of the bth GFDM symbol of x(t) with respect to the cth GFDM
symbol of d(t) at cycle frequency α, where † is the Hermitian
operator. The matrix Dc( f ) represents the cth GFDM symbol
of a series of blocks and is given by (15).

S α
dc,xb

( f ) = lim
L→∞

1
L2 Dc

(
f +

α

2

)
X†b

(
f −

α

2

)
(14)

Dc( f ) =


Dl,c( f )

Dl+1,c( f )
Dl+2,c( f )
. . .

DL−1,c( f )

 (15)

IV. Simulation Results

The proposed approach is compared against traditional time-
invariant GFDM equalization and error correcting codes by
simulating the Signal to Noise Ratio (SNR) and Bit Error Rate
(BER) when the received signal is under a frequency selective
fading channel. The SNR is compared for the paramorphic
waveform and when the Wiener filter is applied to a standard
GFDM signal with no additional redundancy. The BER is
simulated for the paramorphic waveform, convolutional codes
and LDPC codes. The channels are selected for their deep
fades to demonstrate the ability of the FRESH filter to replace
information content within the received signal which has been
lost to severe frequency selective fading. In all simulated
results 4 sub-symbols are used per GFDM symbol with 64
subcarriers and QPSK used on all subcarriers.

Two channels are simulated, channel A and channel B
and the paramorphic waveform uses the stripe and irregular
patterns, respectively. The weights for channel A are

[
1, e− j2π 1

3

]
and the weights for channel B are

[
1, 0, 0, 0, e j2π 1

4

]
. The

frequency response of the two channels are overlaid on an
example GFDM signal in Figure 3. The irregular pattern is
used for channel B since the spectral nulls are periodic and the
diversity of the symbols must not have the same periodicity.
As there is no periodicity with the spectral nulls in channel
A, the more simple stripe pattern can be used.

The SNR the for channel A in Figure 4a shows an increase
relative to the Wiener filter of 2 dB at Eb/N0 = 0 dB and
up to 3 dB for Eb/N0 = 10 dB for both the 1/2 and 1/4
rate symbol repetition methods. The SNR improvement comes
from the ability of the FRESH filter to replace the spectrum
that has been lost to the spectral null, compared to the Wiener
filter which is only able to shape the received spectrum. The

−0.5 −0.25 0 0.25 0.5
−40

−30

−20

−10

0

10

Frequency (rad/sec)

M
a
g
n
it
u
d
e
 (

d
B

)

 

 

GFDM
Channel A
Channel B

Fig. 3: Channel A and B displayed atop example of the GFDM
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Fig. 4: The SNR channels A and B.

Wiener filter must balance applying a gain to the spectral null
to recover the lost symbols with the noise enhancement of
doing so, leading to a degradation in SNR. As there is only
one spectral null the 1/2 rate symbol rate repetition is able to
recover the lost information, which is why the 1/4 rate symbol
repetition is only marginally better. A similar result can be
seen for channel B in Figure 4b, with a relative SNR increase
of 2 dB at Eb/N0 = 0 dB and up to 3 dB for Eb/N0 = 10 dB
for both the 1/2 and 1/4 rate symbol repetition methods. The

The BER for channel A and B is given in Figures 5a
and 5b. The Wiener filter is plotted to give the results of
traditional time-invariant equalization alone, and the AWGN
theoretical is plotted to give the performance without the
fading channel. The BER for both convolutional codes and
LDPC codes with coding rates of 1/2 and 1/4 are simulated,
as well as the paramorphic waveform for the same effective
code rates. Hybrid approaches are simulated which combine
1/2 rate symbol repetition and 1/2 rate convolutional code or
LDPC code.

For channel A the BER for the Wiener filter, 1/2 and 1/4
rate LDPC codes, and the 1/2 rate convolutional code are
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Fig. 5: The BER for channels A and B.

all unusable, as their best BERs are 10−1 at Eb/N0 = 10
dB. The 1/4 convolutional code is much better, producing
a BER of 10−2 at Eb/N0 = 10 dB. The BER for the 1/2
and 1/4 rate symbol repetition is effectively the same, which
is expected given the SNR in Figure 4a. Given the marginal
improvement in BER for the 1/4 rate symbol repetition at
the cost of a decreasing the bandwidth by 1/2, it is better to
use the 1/2 rate symbol repetition in this case. The BER of
the LDPC-based hybrid approach is worse than that of the
paramorphic approach alone for all simulated Eb/N0 values,
while the convolutional code-based hybrid method produces
the best BER for Eb/N0 > 6 dB.The best choice to minimize
the BER for channel A is selecting the 1/2 rate symbol
repetition when Eb/N0 < 6 dB, and the convolutional code-
based hybrid approach when Eb/N0 ≥ 6 dB.

The simulated results for channel B shows similar results,
with the LDPC codes and Wiener filter again being unusable
due to the poor BER. The 1/2 rate convolutional code, 1/2

and 1/4 rate symbol repetition are better, producing a BER of
approximately 10−2, a magnitude of order better than under
channel A. The BER of the 1/4 rate convolutional code
is much better, reaching 10−4 at Eb/N0 = 10 dB yet the
convolutional code-based hybrid method again performs the
best at larger Eb/N0 values. Using the 1/2 symbol repetition
for Eb/N0 < 4 dB and the convolutional code-based hybrid
method for Eb/N0 > 4 dB will produce the best bit error rate.

V. Conclusion
A novel concept of designing time-varying spectral redun-

dancy into multicarrier waveforms was proposed, along with
the filter structure to optimally combine the redundant sym-
bols. The proposed method is unique in its ability to equalize
the received signal when under severe frequency selective
fading. Simulations demonstrate that the bit error rate for the
proposed method is order of magnitudes better than traditional
GFDM receivers and error correcting codes under the given
channels. The proposed method presents a novel physical layer
solution for mitigating frequency selective fading channels
while still maintaining a high spectral efficiency.
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